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Abstract
We investigate the convergence of measurable selectors for the limit of measurable multivalued maps. The relationship between
the convergence of measurable selectors and lower and upper limits of measurable multivalued mappings with closed images is
also derived.
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1. Introduction and preliminaries
Random nonlinear analysis is a research area associated with the study of random nonlinear operators and their
properties needed in solving nonlinear random operator equations [1–5]. In recent years vast amount of mathematical
activities in this area have led to many remarkable results to show the existence of random solution of nonlinear
random operator equations and nonlinear random operator inclusion. Various applications in diverse area from
pure mathematics to applied sciences have been explored (see [6–14] and the references therein). We come across
measurable maps whenever we deal with models of systems having measurable data. Another important instance
where measurable set-valued maps do arise is related to the linearization of differential inclusion along a solution [15].
Aim of the present papers is to study the stochastic convergence of sequence of measurable multivalued mappings
using the convergence properties of measurable selectors.
We begin with some definitions and state the notations used throughout this paper: (Ω ,Σ ) stands for a measurable
space (Σ -sigma algebra). Let 2X be the family of all subsets of X and CB(X) that denotes the set of all nonempty
closed bounded subsets of X . For A, B ∈ CB(X), H(A, B) denotes the Hausdorff distance between A and B induced
by the metric d which is given by,
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where for x ∈ X and C ⊂ X , d(x,C) = inf{d(x, y) : y ∈ C} is the distance from the point x to the subset C .
For further details, see [15]. A multivalued mapping T : Ω −→ 2X (or single-valued mapping T : Ω −→ X ) is
measurable if T−1(U ) ∈ Σ (or T−1(U ) ∈ Σ ) for each open subsetU of X , where T−1(U ) = {ω ∈ Ω : T (ω)∩U 6=
φ}. We denote the set of all measurable mappings from Ω into X by M(Ω , X).
Let B(x0, r) denote the spherical ball centred at x0 with radius r , defined as the set {x ∈ X : d(x, x0) ≤ r}.
Definition 1.1. Let X be a complete separable metric space, G and H be two multivalued mappings from Ω to 2X
defined as:























where {Fn} is a sequence of multivalued mappings from Ω to 2X with closed images. Measurability of G and H
follows from [15, Theorem 8.2.5]. For further details we refer to [16]. If for every ω ∈ Ω , G(ω) = H(ω). Then we
define multivalued mapping F from Ω to 2X as F(ω) = G(ω) = H(ω) = limn Fn(ω).
Measurable maps with nonempty closed images have measurable selectors by [17], see also [18].
Remark 1.2. Let E be a closed subset of a complete separable metric space X and the sequence of measurable
mappings {ξn} from Ω to E be pointwise convergent, that is, ξn(ω) −→ q := ξ(ω) for each ω ∈ Ω . Then ξ being the
limit of the sequence of measurable mappings, is measurable and closedness of E implies that ξ is a mapping from Ω
to E .
Definition 1.3. Let F : Ω −→ 2X be any fixed measurable mapping with nonempty values. The measurable mapping
ξ : Ω −→ X is said to be a random approximable selector, if there exists a measurable selector ζ(ω) ∈ F(ω) such
that
d(ξ(ω), ζ(ω)) = d(ξ(ω), F(ω)), for every ω in Ω .
We denote the set of random approximable selectors by RA(F).
2. Convergence of measurable selectors
Lemma 2.1. Let X be a complete separable metric space whose bounded subsets are relatively compact and
F : Ω −→ 2X be any fixed measurable mapping with nonempty closed values, then for any arbitrarily fixed
ξ ∈ M(Ω , X), there exists a measurable selector ζ(ω) ∈ F(ω) such that
d(ξ(ω), ζ(ω)) = d(ξ(ω), F(ω)), for every ω in Ω ,
that is ξ ∈ RA(F).
Proof. Since F(ω) is nonempty for each ω in Ω , d(ξ(ω), F(ω)) < ∞, for every ω ∈ Ω . Now for every positive
integer n, let xn(ω) ∈ F(ω) be such that
d(ξ(ω), F(ω)) ≤ d(ξ(ω), xn(ω)) ≤ d(ξ(ω), F(ω))+ 1n ,
for every ω in Ω . Thus for each ω ∈ Ω , we have,
d(ξ(ω), xn(ω)) −→ d(ξ(ω), F(ω)), as n →∞.
Consequently, {xn(ω)} is a bounded sequence for each ω ∈ Ω . Let r(ω) > 0 be sufficiently large such that xn(ω) ∈
B(ξ(ω), r(ω)). Since B(ξ(ω), r(ω)) is compact for each ω, define Gn : Ω −→ K (X) by Gn(ω) = cl{xi (ω) : i ≥ n},
where cl denotes the closure. Define G : Ω −→ K (X) by G(ω) = ⋂n≥1 Gn(ω). Then G is measurable and has a
measurable selector x∗. This in turn implies that {xn(ω)} has a subsequence {xm(ω)} such that xm(ω) −→ x∗(ω), for
every ω ∈ Ω as n →∞. Also F(ω) is closed so x∗(ω) ∈ F(ω), for every ω in Ω . Moreover,
d(ξ(ω), xm(ω)) −→ d(ξ(ω), x∗(ω)),
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as n →∞. Hence we have,
d(ξ(ω), x∗(ω)) = d(ξ(ω), F(ω)),
for every ω in Ω . Define G : Ω −→ 2X as:
G(ω) = {x ∈ F(ω) : d(ξ(ω), x) = d(ξ(ω), F(ω))}.
Since G(ω) is nonempty for every ω ∈ Ω . Using [15, Corollary 8.2.13], we obtain measurable selection ζ(ω) ∈ F(ω)
such that
d(ξ(ω), ζ(ω)) = d(ξ(ω), F(ω)),
for every ω in Ω . 
Lemma 2.2. Let X be a complete separable metric space whose bounded subsets are relatively compact, Fn : Ω −→
2X be a measurable mapping with nonempty values, for each n ∈ N and ξ0 be any fixed element of M(Ω , X). Suppose
ξn ∈ M(Ω , X) such that
d(ξ(ω), ξn(ω)) = d(ξ(ω), Fn(ω)), for each ω in Ω and n ∈ N .
If,
H(ω) = lim sup
n
Fn(ω)
is nonempty for each ω in Ω . Then {ξn(ω)} has a convergent subsequence for each ω.
Proof. Let r(ω) > 0 be arbitrary for each ω ∈ Ω . Consider B(ξ0(ω), r(ω)), which is compact for each ω in Ω . If
ξn(ω) ∈ B(ξ0(ω), r(ω)) for every ω ∈ Ω , for each n, define Gn : Ω −→ K (X) by Gn(ω) = cl{ξi (ω) : i ≥ n}.
Define G : Ω −→ K (X) by G(ω) = ⋂n≥1 Gn(ω). Then G is measurable and has a measurable selector ξ . This in
turn implies that {ξn(ω)} has a subsequence {ξn j (ω)}such that
lim
n→∞ d(ξn j (ω), ξ(ω)) = 0, for fixed ω ∈ Ω .
Now, suppose that {ξn(ω)} is eventually outside B(ξ0(ω), r(ω)) for some ω in Ω . Thus for each r(ω) > 0, there exists
nr(ω) such that
d(ξn(ω), ξ(ω)) > r(ω), for each n ≥ nr(ω).
H(ω) = lim supn Fn(ω) is a closed subset of X , for each ω in Ω . Applying a selection theorem due to Kuratowski
and Nardzewski [17] also, see Himmelberg [18], we get a measurable map ζ : Ω −→ X such that ζ(ω) ∈ H(ω), for
all ω ∈ Ω . Let γ (ω) > 0 and take,
r(ω) = d(ξ0(ω), ζ(ω))+ γ (ω),
so that r(ω) > d(ξ0(ω), ζ(ω)) ≥ 0. Since ζ(ω) ∈ H(ω), for each ω ∈ Ω , we obtain a sequence {x j } in Fn j (ω) such
that limn j→∞ d(xn j , ζ(ω)) = 0, for every ω inΩ . Let j∗ be such that n j ≥ nr(ω), for j ≥ j∗ we have d(ξ0(ω), xn j ) >
r(ω). Also, d(ξ0(ω), ξn j (ω)) ≤ d(ξ0(ω), xn j ), for all n j . Moreover, d(ξ0(ω), xn j ) −→ d(ξ0(ω), ζ(ω)), as j −→∞.
Hence for j ≥ j∗, we have,
d(ξ0(ω), ζ(ω))+ γ (ω) < d(ξ0(ω), ξn j (ω)) ≤ d(ξ0(ω), xn j ),
which is a contradiction. Hence the result follows. 
Theorem 2.3. Let X be a complete separable metric space whose bounded subsets are relatively compact. Let
Fn : Ω −→ 2X be a measurable mapping with nonempty closed values, for each n ∈ N. Suppose limn−→∞ Fn(ω) =
F(ω). Also assume that for any arbitrarily fixed ξ ∈ RA(F) there exists a measurable selector ξn(ω) ∈ Fn(ω) with
d(ξ(ω), ξn(ω)) = d(ξ(ω), Fn(ω)), for every ω in Ω and n ∈ N. If ξ0 ∈ M(Ω , X) such that d(ξ(ω), ξ0(ω)) =
d(ξ(ω), F(ω)), for every ω ∈ Ω , then the sequence {ξn} converges to ξ0.
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Proof. Suppose {ξn(ω)} does not converge to {ξ0(ω)} for some ω in Ω , then for this ω, there exists r > 0 and a
subsequence {ξn( j)(ω)} of {ξn(ω)} such that d(ξn( j)(ω), ξ0(ω)) > r . We also have that
lim
n−→∞ Fn(ω) = F(ω) = limn( j)−→∞ Fn( j)(ω) 6= φ,
so lim supn( j) Fn( j)(ω) 6= φ. Using the similar arguments as in Lemma 2.2, {ξn( j)(ω)} has a convergent subsequence.
Passing to a subsequence if necessary, we may assume that there exists a measurable selector ζ : Ω −→ X of F(ω)
such that ξn( j)(ω) −→ ζ(ω), as n( j)→∞. Moreover,
r < d(ξn( j)(ω), ξ0(ω)) ≤ d(ξn( j)(ω), ζ(ω))+ d(ζ(ω), ξ0(ω)).
It implies that, r − d(ξn( j)(ω), ζ(ω)) < d(ζ(ω), ξ0(ω)). As,
lim
n( j)→∞ d(ξn( j)(ω), ζ(ω)) = 0.
We have,
0 < r ≤ d(ξ0(ω), ζ(ω)).
This gives, ξ0(ω) 6= ζ(ω) and d(ξ0(ω), ξ(ω)) < d(ξ(ω), ζ(ω)). Put,
ρ = 1
2
[d(ξ(ω), ζ(ω))− d(ξ0(ω), ξ(ω))].
Obviously,
d(ξ(ω), ζ(ω))+ ρ = d(ξ0(ω), ξ(ω))− ρ > 0.
and
d(ξ0(ω), ξ(ω)) < d(ξ(ω), ζ(ω))− ρ.
Thus ξ0(ω) is in the interior of the ball B(ξ(ω), δ), where, δ = d(ξ(ω), ζ(ω)) − ρ. Let 0 <  < ρ be such that
B(ξ0(ω), ) ⊆ B(ξ(ω), δ). Now if y(ω) ∈ B(ξ0(ω), ), then
d(y(ω), ξ0(ω)) < 
and
d(y(ω), ξ(ω)) < d(ξ(ω), ζ(ω))− ρ.
Since, ζ(ω) ∈ F(ω) = limn Fn(ω) = limn( j) Fn( j)(ω). So there exists a sequence in Fn( j)(ω) which converges to
ζ(ω). So there exists j () sufficiently large such that
Fn( j)(ω) ∩ B(, ξ0(ω)) 6= φ, j ≥ j ()
For such j , let y j (ω) ∈ Fn( j)(ω) ∩ B(, ξ0(ω)). Then,
d(y j (ω), ξ0(ω)) < .
Thus,
d(ξ(ω), ξn( j)(ω)) ≤ d(ξ(ω), y j (ω))
≤ d(ξ(ω), ξ0(ω))+ d(ξ0(ω), y j (ω))
< d(ξ(ω), ξ0(ω))+  < d(ξ(ω), ξ0(ω))+ ρ




d(ξn( j)(ω), ξ0(ω)) = d(ζ(ω), ξ0(ω)).
It follows that,
d(ζ(ω), ξ0(ω)) ≤ d(ζ(ω), ξ0(ω))− ρ,
where, ρ > 0. This contradiction leads to the conclusion. 
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Theorem 2.4. Let X be a separable complete metric space whose bounded subsets are relatively compact, Fn :
Ω −→ 2X be a measurable mapping with nonempty closed values, for each n ∈ N, F : Ω −→ 2X be a measurable
mapping with nonempty closed values, also for any arbitrarily fixed ξ ∈ RA(F) and for any measurable selector
ξn(ω) ∈ Fn(ω) with d(ξ(ω), ξn(ω)) = d(ξ(ω), Fn(ω)), for every ω in Ω and n ∈ N, the sequence {ξn} converges
to ξ , then for any measurable mapping ζ : Ω −→ X, we have limn→∞ d(ζ(ω), Fn(ω)) = d(ζ(ω), F(ω)), for each
ω ∈ Ω .
Proof. Applying Lemma 2.1, we obtain for every ω ∈ Ω ,
d(ζ(ω), ξn(ω)) = d(ζ(ω), Fn(ω)),
for all n ∈ N and
d(ζ(ω), ξ(ω)) = d(ζ(ω), F(ω)),
for every ω ∈ Ω . By the assumption of the theorem we obtain, d(ζ(ω), ξn(ω))→ d(ζ(ω), ξ(ω)) for every ω in Ω , as
n →∞. Hence the result follows. 
Theorem 2.5. Let X be a complete separable metric space whose bounded subsets are relatively compact, Fn :
Ω −→ 2X be a measurable mapping with nonempty closed values, for each n ∈ N, if for any measurable selector
ξn(ω) ∈ Fn(ω) and ξ ∈ M(Ω , X) with d(ξ(ω), ξn(ω)) = d(ξ(ω), Fn(ω)), for every ω in Ω and n ∈ N, the
sequence {ξn(ω)} is eventually outside every bounded subset of X, for every ω in Ω , then for any measurable
mapping ζ : Ω −→ X, we have limn→∞ d(ζ(ω), Fn(ω)) = ∞ and it further implies that for each ω ∈ Ω ,
limn→∞ Fn(ω) = {∞} in X∞ (one point compactification of X).
Proof. Applying Lemma 2.1, we obtain for every ω ∈ Ω , d(ζ(ω), ξn(ω)) = d(ζ(ω), Fn(ω)), for all n ∈ N . Since
{ξn(ω)} is eventually outside every bounded subset of X , for every ω in Ω . Now for each r > 0, there exists nr
such that for n ≥ nr , d(ξn(ω), ζ(ω)) > r , for every ω in Ω . Consequently the result follows. Now in order to
show that limn→∞ Fn(ω) = φ, for every ω ∈ Ω , we prove that lim supn Fn(ω) = φ. Now if lim supn Fn(ω) 6= φ.
Applying a selection theorem due to Kuratowski and Nardzewski [17] we get a measurable map ζ : Ω −→ X
such that ζ(ω) ∈ lim supn Fn(ω), for all ω ∈ Ω and we find a subsequence {yn j (ω)} in Fn( j)(ω) such that
limn→∞ d(yn j (ω), ζ(ω)) = 0, for fixed ω ∈ Ω . By the hypothesis limn→∞ d(ξ(ω), Fn( j)(ω)) = ∞, that is
limn→∞ d(ξ(ω), (yn j (ω))) = ∞, for every ω in Ω . Since,
d(ξ(ω), yn j (ω)) ≤ d(ξ(ω), ζ(ω))+ d(ζ(ω), yn j (ω)).
Thus,
d(ξ(ω), yn j (ω))− d(ζ(ω), yn j (ω)) ≤ d(ξ(ω), ζ(ω)),
for every ω in Ω . Which gives d(ξ(ω), ζ(ω)) = ∞, this contradiction concludes the result. 
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